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Accurate and Ef� cient Discretization of Navier–Stokes
Equations on Mixed Grids
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The discretization of Navier–Stokes equations on mixed unstructured grids is discussed. Because mixed grids
consist of different cell types, the question arises as to how the discretization should treat these cell types in order to
result in a stableand accurate solutionmethod.This issue is addressed inrelationto the discretizationof inviscid and
viscous � uxes. The discretization of the inviscid � uxes is carried out with both a centered and an upwind scheme.
For the centered scheme, problems exist on mixed grids with the damping properties of the fourth-difference
operator. The problems with the fourth-difference operator are investigated for two stencils by both truncation
error and Fourier analysis. It is shown that one form exhibits superior damping for high frequencies, which is
corroborated using numerical experiments. For the upwind scheme, a commonly used gradient-reconstruction
method based on the Green–Gauss theorem does not show satisfactory behavior on mixed grids. Another gradient
reconstruction method based on a Taylor series expansion previously derived in two dimensions is extended to
three dimensions. This method is more accurate on mixed grids but requires more storage.

Nomenclature
D0 = dissipation term at node 0

0i = set of edges incident to node 0
Fc = inviscid � ux vector
Fv = viscous � ux vector
L( u ) = pseudo-Laplacianoperator applied to u
n0i = unit normal face vector at edge 0i
Q = source vector
r = position vector
r0i = unit tangential vector along edge 0i
S0i = area of face associated with edge 0i
W = vector of conservativevariables
h 0i = geometric weights associated with edge 0i
K 0i = spectral radius averaged over edge 0i
k 0 = limiter function at node 0
u = general quantity
u x = phase angle in x direction
u y = phase angle in y direction
X 0 = control volume at node 0
( r u )0 = gradient of u at node 0

Introduction

U NSTRUCTURED gridscomposedof geometricsimplices,i.e.,
trianglesin two dimensionsand tetrahedrain threedimensions,

have demonstrated the capability of producing high-quality solu-
tions for inviscid � ow simulations; see, e.g., Frink et al.1 The sim-
ulation of viscous � ows requires the generation of highly stretched
triangles and tetrahedra. For simplicial elements, the stretching in-
variably leads to skewing. The application of simplicial unstruc-
tured grids to viscous � ows has been far less successful. Because
unstructured grids may consist of arbitrary combinations of poly-
hedra, it seems sensible to use cell shapes in the viscous regions
that do not become skewed with stretching, such as hexahedra and
prisms. When combined with tetrahedral cells away from viscous
regions, this leads to grids composed of several cell types, which
are referred to as mixed grids in this paper. Several authors have
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presented solution methods for mixed grids; see, e.g., Mavriplis
and Venkatakrishnan,2 Khawaja et al.,3 Coirier and Jorgenson,4

Haselbacher et al.,5 and Blazek et al.6 Mixed grids are sometimes
also referred to as hybrid grids, but are not to be confused with
combined structured–unstructuredgrids; see, e.g., Shaw.7

The existenceof differentcell types in the grid raises the question
as to how they are treated by the solution method. It seems intu-
itively appealing not to distinguish between the various cell types.
This leads to the fundamentalchallenge that a discretizationmethod
needs to be developedthat is stable and accuratefor grids consisting
uniquely of tetrahedra, prisms, pyramids, and hexahedra, or an ar-
bitrary combinationof these. This issue has not yet receivedenough
attention. In Ref. 5, algorithms that do not distinguish between dif-
ferent cell types were referred to as grid transparent.

The authors’ interest was aroused because problems were en-
countered during the development of a numerical solution method
for three-dimensionalviscous� ows in turbomachinery.These prob-
lems were directly related to the need for an accurate and ef� cient
discretizationof Navier–Stokes equationson mixed grids.The prob-
lems occurred because the solution method of an initial version of
the codewas basedon thatdevelopedpreviouslyfor tetrahedralgrids
and assumed to work on mixed and hexahedralgrids also. This was
found not to be the case and led to investigations, the results of
which are reported here.

The aim of this paper is to draw attention to the problems that
arise from the discretizationon mixed grids, to describeand analyze
them in detail, and to offer some solutions.

Governing Equations
The � uid � ows considered in this paper are governed by three-

dimensionalNavier–Stokes equations.Written in a time-dependent
integral form for a control volume X with a surface element dS, the
equations read

@

@t
X

W dX +
@ X

(Fc ¡ Fv ) dS =
X

Q d X (1)

where the various quantities are de� ned in Ref. 6.

Solution Algorithm
The discretizationof the governingequationsfollows the method

of lines, which decouples the spatial and the temporal discretiza-
tions. The spatial discretizationis carried out with the � nite-volume
method. The conservativevariablesare stored at the grid nodes.The
control volumes are formed from the median dual of the grid. These
can be de� ned for arbitrary cell types as the polyhedra constructed
from connecting cell and face centroids to the edge midpoints, as
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Fig. 1 Edge 0i linkingnodes 0 and i with the associated control-volume
face.

shown in Fig. 1. The surface integral of the convective and the vis-
cous � uxes are approximatedby a sum over the facesof each control
volume.

Assuming the source term to be constant inside the control vol-
ume, the discretized form of Eq. (1) at node 0 can be written as

X 0
dW0

dt
= ¡

0i 2 0

(Fc ¡ Fv )0i S0i + Q0 X 0 (2)

where S0i is the control-volumeface with unit normal n0i separating
nodes 0 and i and 0i denotes the set of edges incident to node 0.
Equation (2) represents a system of ordinary differential equations,
which has to be integrated in time to reach a steady-state solution.

In what follows, the discretization is described for the control
volume around node 0. With the edge-based data structure,8 the
computation of inviscid and viscous � uxes in the interior of the
solution domain can be carried out by looping over edges.

Discretization of Convective Fluxes
Two methodswere consideredfor the computationof the inviscid

� uxes.
The � rst method is the central-difference scheme of Jameson,

Schmidt, and Turkel,9 originally derived on structured grids and
extended by Jameson et al.10 to tetrahedral grids. This method will
be referred to as the JST scheme in what follows. Because of its low
demands on storage and processing time, the JST scheme appears
attractive for � ow simulations in the industrial environment.

The second method is the upwind scheme of Roe.11 Compared
with the JSTscheme, it shows much improved resolution of shear
layers and sharp gradients at the expense of signi� cantly higher
computationalcost.

Central Scheme
The JST scheme stabilizes the central differences by adding a

dissipation term D0 such that Eq. (2) becomes

X 0
dW0

dt
= ¡

0i 2 0

(Fc ¡ Fv )0i S0i + D0 + Q0 X 0 (3)

The dissipation term consists of a blend of second- and fourth-
order differences.9 The pressure switch, which is used as the blend-
ing device, is of the standardform.10 The constructionof the second-
and the fourth-order differences in two dimensions is discussed
below. Two methods were investigated for the fourth-difference
operator.

Second-Difference Operator
The second-order differences are represented by pseudo-

Laplacian operators. The pseudo-Laplacian may be thought of as
an area-weighted Laplacian operator. The pseudo-Laplacian used
in this paper is that of Holmes and Connell,12 which has the prop-
erty that it is identically zero for linear functions on arbitrary grids.

Applied to a quantity u , the pseudo-Laplacian L( u ) takes the
form

L( u )0 =
0i 2 0

h 0i ( u i ¡ u 0) (4)

a)

b)

Fig. 2 Comparison of stencil weights obtained on quadrilateral grids
with a) � rst method and b) second method for obtaining fourth differ-
ences.

where the de� nition of the geometric weights h 0i can be found in
Ref. 13.

Fourth-Difference Operator, Method 1
The � rst method evaluates the fourth-difference operator as the

pseudo-Laplacianof the pseudo-Laplacian,as originally suggested
by Jameson et al.10 on tetrahedral grids. This gives rise to the bihar-
monic operator

L[L( u )0]0 ¼
@4 u

@x4
+ 2

@4 u

@x2 @y2
+

@4 u

@y4
(5)

The stencil that arises from this construction on a uniform quadri-
lateral grid with grid-spacing unity is shown in Fig. 2a. A Taylor
series analysis shows that the � rst method gives rise to a truncation
error of

TE =
1

6

@6 u

@x6
+

@6 u

@x4 @y2
+

@6 u

@x2 @y4
+

@6 u

@y6
+ HOT

where HOT stands for higher-order terms. The � nal form of the
arti� cial dissipation term for the � rst method is for node 0:

D0 =
0i 2 0

K 0i e
(2)
0i h 0i (Wi ¡ W0)

¡
0i 2 0

K 0i e
(4)
0i h 0i [L(W)i ¡ L(W)0] (6)

In Eq. (6), e (2)
0i and e (4)

0i are the coef� cients de� ned in Ref. 10 and
K 0i is the edge average of the spectral radius of the Jacobian of the
inviscid � uxes.
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Fourth-Difference Operator, Method 2
The second method is based on the observation that fourth dif-

ferences can be constructed by subtraction of two second-order-
accurate representationsof the Laplacian with the same functional
form of the leading term in the truncation error, but with different
truncation error constants.

The � rst Laplacian is computed from

L( u )(I)
0 ¼

0i 2 0

( u i ¡ u 0) (7)

The second Laplacian is approximated as

L( u )(II)
0 ¼

0i 2 0

1

2
[( r u )0 + ( r u )i ] ¢ D r0i (8)

where D r0i = ri ¡ r0, with r being the position vector.
On uniform triangular and quadrilateral grids, both are second-

order-accurate discretizations of the Laplacian operator. On a uni-
form quadrilateral grid with grid-spacing unity, the two leading
terms in the truncation errors are given by

TE(I) =
1

12

@4 u

@x4
+

@4 u

@y4
+

1

360

@6 u

@x6
+

@6 u

@y6

for the � rst Laplacian and

TE(II) =
1

3

@4 u

@x4
+

@4 u

@y4
+

2

45

@6 u

@x6
+

@6 u

@y6

for the second Laplacian. Hence, by subtraction of the � rst dis-
cretization of the Laplacian from the second, a second-order-
accurate discretization of (a quarter) of the fourth derivatives is
obtained. The stencil that arises is shown in Fig. 2b. The Taylor
series analysis of the second stencil (with the weights multiplied by
a factor of four) gives

@4 u

@x4
+

@4 u

@y4
+

1

6

@6 u

@x6
+

@6 u

@y6
+ HOT

The secondstencilcorrespondsto that commonlyused on structured
grids. It is noted that, because of the mixed derivatives, the stencil
obtained with the � rst method is larger.

With the second method for computingthe fourthdifferences, the
� nal form of the arti� cial dissipation term for node 0 is

D0 =
0i 2 0

K 0i e
(2)
0i (Wi ¡ W0) ¡

0i 2 0

4 K 0i e
(4)
0i (Wi ¡ W0)

¡
1

2
[( r W)0 + ( r W)i ]¢ D r0i (9)

It is interesting to note that this method of constructing fourth
differences can also be cast in the framework of upwind schemes
based on Riemann solvers that use left and right states to compute
inviscid � uxes. At the interface 0i , this can be achieved by

W0i,L ¡ W0i, R = W0 + 1
2 ( r W)0 ¢ D r0i ¡ Wi ¡ 1

2 ( r W)i ¢ D r0i

which allows the � nal form of the arti� cial dissipationterm for node
0 to be re-expressed as

D0 =
0i 2 0

K 0i e
(2)
0i (Wi ¡ W0) ¡

0i 2 0

4K 0i e
(4)
0i (W0i, L ¡ W0i, R )

It will be shown that the differences in the stencil weights have a
considerablein� uenceon the behaviorof the JST schemeon various
grid types.

a)

b)

Fig. 3 Ampli� cation factors for a) � rst method and b) second method
of constructing fourth differences with k(2) = 0 and k(4) = 1

32 on a quadri-
lateral grid for a � ve-stage Runge–Kutta scheme with two evaluations
of dissipation.

Fourier Analysis
The goal of using fourth-differenceoperators is the damping of

high-frequencysolutionmodes. To assess the dampingpropertiesof
the two fourth-differenceoperators, a Fourier analysis was carried
out for the convection equation with strong � ow-to-grid alignment
as is typically encountered in the prismatic regions of mixed grids.

The resultingampli� cation factors for the two methodsare shown
in Fig. 3 for k(2) = 0 and k (4) = 1

32
and a � ve-stage Runge–Kutta

scheme with evaluations of dissipation in the � rst two stages. It is
seen that the ampli� cation factor for the � rst method of constructing
fourth differencesis larger than unity for high-frequencymodes and
hence unstable. In contrast, the ampli� cation factor for the second
method is below unity for high-frequencymodes. This observation
will be shown to be consistentwith the results of a numerical study
described below.

Although k (4) = 1
32

is admittedly somewhat higher than values
usually used, the comparison serves to illustrate that discretizations
developed on one grid type (in this case, triangular grids) cannot a
priori be expected to work well on another grid type (in this case,
quadrilateralgrids). Furthermore,somewhathighervaluesof k (4) are
sometimes used in the industrialenvironment to ensure fast conver-
gence because the correct prediction of changes is more important
than absolute accuracy.
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Upwind Scheme
If the spectral radii in Eq. (9) were replaced with the Jacobian

matrix of the inviscid � uxes, a matrix-dissipation scheme14 would
be obtained.The matrix-dissipationscheme may be regardedas the
link between the JST scheme with scalar dissipation and upwind
schemes such as Roe’s approximate Riemann solver.11

To compute the convective� ux with Roe’s approximateRiemann
solver, left and right states have to be de� ned at control-volume
faces. For a second-orderaccurate scheme,

u 0i, L = u 0 + 1
2
k 0( r u )0 ¢ D r0i , u 0i, R = u i ¡ 1

2
k i ( r u )i ¢ D r0i

(10)

where k 0 denotes the limiter function at node 0. In this paper the
limiter function of Venkatakrishnan15 is used. The measure of the
local grid spacing required in Venkatakrishnan’s limiter function
is taken as the cube root of the control volume for which the lim-
iter is computed, and the value of the constant is equal to 5. The
second-order-accurate upwind scheme requires the reconstruction
of gradients,which is described next.

Green–Gauss Gradient Reconstruction
Barth and Jespersen16 suggested the use of a discrete version of

the Green–Gauss theorem to reconstruct gradients. The resulting
formula may be written as16

( r u )0 ¼
1

X 0 @X 0

1

2
( u 0 + u i )n0i S0i (11)

which gives exact gradients for linear functions on tetrahedra only
and is therefore not well suited to mixed grids. This is a serious
drawback because prisms are usually used near solid walls and be-
cause the accurate evaluation of gradients at walls is particularly
important for heat transfer simulations.

It is possible to derive a form of the Green–Gauss reconstruction
that gives exact gradientson all cell types, see, e.g., Refs. 17 and 18.
This form involves all the vertices of the cells meeting at vertex 0
and not just the edge neighbors. To include the contributionsof the
vertices not linked by an edge to vertex 0, additional connectivity
arrays or cell-based data structures are required. Both lead to sub-
stantial additional memory requirements, and the latter is not grid
transparent.For these reasons, it was decided to use approximation
(11) regardlessof cell types, as done by other authors,e.g., Khawaja
et al.3

To quantify the errors incurred by the Green–Gauss reconstruc-
tion, gradients of speci� ed linear variations of the primitive vari-
ables on a given mixed grid were reconstructed.Figure 4 illustrates
the percentage of errors. Note that the errors are particularly at the
interfacebetweenprisms and tetrahedra.In the best case, the Green–

Gauss method was observed to lead to kinks in the pro� les of the
thermodynamicvariablesin the immediatevicinityof solidwalls. In
the worst case, the inaccurate gradients lead to divergenceof Roe’s
approximate Riemann solver. The use of limiter functions typically
delayed, but could not prevent, divergence.

Least-Squares Gradient Reconstruction
The linear least-squares reconstruction has the advantage that

it gives exact gradients for linear functions on arbitrary cells and
is therefore well suited to mixed grids. Anderson and Bonhaus19

presented a linear least-squares reconstruction method in two di-
mensions without derivation. In this paper the least-squares recon-
struction method is extended to three dimensions.

The least-squares reconstructionmethod is based on the use of a
� rst-orderTaylor series approximationfor each edge that is incident
to node 0. With this procedure, the gradient at node 0 follows from
the weighted sum

( r u )0 =
0i 2 0

a 0i,1 ¡
r12

r11
a 0i,2 + W a 0i,3

a 0i, 2 ¡
r23

r22
a 0i,3

a 0i,3

D u 0i (12)

where D (¢ )0i = (¢ )i ¡ (¢ )0. The terms in Eq. (12) are given by

a 0i,1 =
D x0i

r 2
11

, a 0i, 2 =
1

r 2
22

D y0i ¡
r12

r11
D x0i

a 0i,3 =
1

r 2
33

D z0i ¡
r23

r22
D y0i + W D x0i

where

W =
r12r23 ¡ r13r22

r11r22

(13)

r11 =
0i 2 0

D 2x0i , r12 =
1

r11
0i 2 0

D x0i D y0i

r13 =
1

r11
0i 2 0

D x0i D z0i , r22 =
0i 2 0

D 2 y0i ¡ r 2
12

r23 =
1

r22
0i 2 0

D y0i D z0i ¡ r12r13

r33 =
0i 2 0

D 2z0i ¡ r 2
13 + r 2

23

The linear least-squares gradient-reconstruction method was
found to improve the robustness of the solution method signi� -
cantly. The improvement comes at the cost of having to store the six
� oating-point values at each vertex.

Virtual Edges
If prismatic or hexahedral cells are used on a � at solid boundary,

the gradient normal to the wall will be constructed from a single
edge. To increase the support of the stencil used to reconstructgra-
dients, so-called virtual edges are inserted along the diagonals of
those quadrilateral faces that touch solid walls, as shown in Fig. 5a.
These additional edges are termed virtual edges because they are
used only to reconstructgradients, in contrast to the actual edges in
the grid. Virtual edges are also inserted into prismatic, pyramidal,
and hexahedral cells at cell-type interfaces to ensure that the stencil
is more isotropic, as illustrated in Fig. 5b for two dimensions.

Discretization of Viscous Fluxes
For the discretizationof theviscous� uxes, the � rst derivativesare

required at the edge midpoints. With the edge-baseddata structure,
it is tempting to compute the � rst derivatives at edge midpoints by
a simple average:

( r u )0i = 1
2
[( r u )0 + ( r u )i ] (14)

The stencils that are obtainedon triangularand quadrilateralgrids
with this method for the discretizationof the Laplacian (as a model
for the viscous terms) are shown in Fig. 6. It can be seen that decou-
pling occurs for quadrilateral grids. This is particularly signi� cant
because the grids near solid boundarieswill be either hexahedralor
prismatic, both of which contain quadrilateral faces. Decoupling is
undesirable because it allows spurious solution modes and leads to
larger truncation errors.

The decouplingon quadrilateraland hexahedralgrids can be pre-
vented by use of the directional derivative along the edge:

@u

@l
0i

=
u i ¡ u 0

l0i

(15)

where l0i = k D r0i k denotes the lengthof edge0i . With the de� nition
of the unit vector t0i along edge 0i ,

t0i = D r0i / l0i (16)
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Fig. 4 Percentage of error of the Green–Gauss reconstruction of the magnitude of the � rst derivative of a linear function on a mixed grid.

a) b)

Fig. 5 Virtual edges (dashed lines) at node 0 for a) a prism cell on
boundary and (boundary face shown shaded) and b) quadrilateral cells
at interfaces [two-dimensional (2d) view shown for simplicity].

the modi� ed average that prevents decoupling may be written as

( r u )0i = ( r u )0i ¡ ( r u )0i ¢ t0i ¡
@u

@l
0i

t0i (17)

With the modi� ed average, strongly coupled stencils are obtained,
as shown in Fig. 7. The modi� ed approach is still compatible with
the edge-based data structure and requires no additional storage.
This approach was used by a number of other authors; see, e.g.,
Weiss et al.20

Results
Inviscid Flow

To illustrate the in� uence of the two stencils for the fourth-
difference operator in the JST scheme, the transonic � ow over a
circular-arcbump in a straight-walled channel is computed. A two-
dimensional code for unstructuredmixed grids, described in Ref. 5,
was used. A triangular grid of 3276 vertices and 6350 cells and a
quadrilateral grid of 3332 vertices and 3201 cells are used for the
comparison. The grids are shown in Fig. 8.



HASELBACHER AND BLAZEK 2099

Table 1 Comparison of storage requirements for
� oating-point quantities speci� c to central and upwind
schemes for Euler and Navier–Stokes (NS) equations

Euler with NS with NS without
Scheme limiters limiters limiters

Central 1 11 23 21
Central 2 27 27 22
Upwind 36 36 21

a)

b)

Fig. 6 Stencils obtained when node gradients averaged along the
edge for a) equilateral triangular grid and b) uniform quadrilateral
grid.

a)

b)

Fig. 7 Stencils obtained with modi� ed averaged gradient for a) equi-
lateral triangular grid and b) uniform quadrilateral grid.

a)

b)

Fig. 8 Grids used for comparison of fourth-difference operators for
transonic inviscid � ow: a) triangular and b) quadrilateral.
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a)

b)

Fig. 9 Pressure contours for � rst method of constructing fourth dif-
ferences with k(4) = 1

48 on a) triangular grid and b) quadrilateral grid.

a)

b)

Fig. 10 Pressure contours for second method of constructing fourth
differences with k(4) = 1

32 on a) triangulargrid and b) quadrilateralgrid.

Fig. 11 Mixed grid used for computing laminar boundary layer on a
� at plate.

To compare the two forms of constructing fourth-differenceop-
erators,computationswere carried out for 1

32
· k (4) · 1

2048
. Sample

solutions are shown in Figs. 9 and 10, which demonstrate that the
� rst method shows signsof instability.For k(4) = 1

32
, the � rstmethod

diverged on triangular grids. These results are consistent with the
Fourier analysis. The convergencehistories for the two methods on
the triangular and quadrilateral grids can be found in Ref. 21.

Corresponding calculations in three dimensions showed similar
behavior. The range of values of k (4) , however, was much reduced.
This unsatisfactory behavior motivated the change from the JST
scheme to Roe’s approximate Riemann solver.

The main penalty of switching to Roe’s scheme is increased
CPU time. The storage required is increased only if a limiter func-
tion is required, as demonstrated in Table 1. This table compares
the storage requirements of the central scheme with the � rst and
the second method of constructing fourth differences with the up-
wind scheme for inviscid and laminar � ows with and without lim-
iters. It can be seen that for viscous � ows for which no limiter
function is required, the upwind scheme and the central schemes
require approximately the same amount of storage. This is be-
cause gradients reconstructed for the higher-order inviscid � uxes
may be reused for the computation of the viscous � uxes, so that

a)

b)

Fig. 12 Comparison of a) normalized u velocity at various stations
along plate and b) skin-friction coef� cient with Blasius solution.
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they do not incur a storage penalty. Because the present � ow
solution method is aimed at internal � ows that are mostly sub-
sonic, the switch to the upwind method does not lead to a storage
penalty.

Laminar Flow
Flat Plate

The laminar � ow over a � at plate is computed with the upwind
scheme on the mixed grid shown in Fig. 11. The grid consists of
81,805 nodes, 22,899 tetrahedra, and 144,150 prisms.

The computed pro� les of normalized u velocity are shown in
Fig. 12a for various stations and compared with the exact solution.
Excellent agreement with the exact solution is obtained.

The comparison of computed and exact variations of the skin-
friction coef� cient shows good agreement as well, as may be seen
from Fig. 12b. The discrepanciesnear the inlet are due to the spec-
i� cation of a uniform velocity pro� le.

Fig. 13 Mixed grid used for computing laminar � ow about turbine
guide vane. The inset shows layers of prismatic cells around blade near
leading edge.

Fig. 14 Comparison of computed and experimental variationsof static
pressure at half blade height.

Fig. 15 Visualization of horseshoe vortex and separation bubble near
trailing edge on suction side.

Turbine Guide Vane
The next test case considersthe laminar� ow abouta turbineguide

vane investigatedexperimentallyby Zeschky.22 The grid is shown in
Fig. 13andconsistsof 207,583vertices,453,030tetrahedra,231,587
prisms and 5050 pyramids.

The comparisonof the computed variationof static pressurewith
the experimental values is shown in Fig. 14. The slight discrepancy
on the pressure side may be due to a lack of grid resolution. The
discrepancy near the trailing edge of the suction side may be due to
failing to resolve the wake. The horseshoevortex and the separation
bubble (as observed in the experiment20 ) are shown in Fig. 15.

Conclusions
The discretization of the Navier–Stokes equations on mixed un-

structuredgridswas discussed.Two methodsof constructingfourth-
difference dissipation operators for centered discretizations of the
inviscid � uxes were compared theoreticallyand numerically in two
dimensions.One form was shown to exhibit better properties.Prob-
lems with the construction of the fourth-difference operator re-
mained in three dimensions.For this reason, the centereddiscretiza-
tion was replaced with an upwind scheme, for which a previously
derived gradient-reconstruction method was extended to three di-
mensions.

Results for a laminar boundary layer on a � at plate showed ex-
cellent agreement with the theoretical solution. Good agreement
with experimental results was obtained for the laminar � ow about a
turbine guide vane.
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